Nesbitt’s inequality (England 1903)
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A.M. > G. M. > H.M. (Arithmetic — Geometric — Harmonic mean inequality)

In Proof 1 and Proof2 below we use the following:
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Proof 2
Apply A.M. > GM. for two sets of data and find the product:
1 1 1
(@+b)+(b+c)+(c+a) e -

+
ct+ta a+by; J L 1 1
3 3 2\Ka+bXb+CXC+a)J(b+cj(c+aj(a+bj

1 1 1
+

— 2(a+b+c)b+C+C+a a+b Zi/(a_’_b)(b_i_c)(c_i_a)( 1 ]( 1 j( 1 j
b+c

3 3 ct+a/\la+b

2a+b+c+a+b+c+a+b+c

>1
9 b+c c+a a+b

a b c 9
= (1+ j+(1+ j+[k+ jz—
b+c c+a a+b 2

a b c 3

= + + >—

b+c c+a a+b 2

Page



Proof 3

AM.>GM.
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CBS inequality (Cauchyv — Bunvakovskii — Schwarz inequality)

In Proof 4 below we use:
If x1,X2,X3;y1,¥2,y3 €R,

then (Xl2 +Xz2 +X32XY12 + Y22 +Y32)2 (x,y; +X,Y, +X3Y; )2

Proof 4
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Rearrangement inequality

. X Xy Xy
We introduce the scalar product vy, y =X,y, +X,¥, +X;Y¥;
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If X1SX2SX3,y1<SY25Yy3, X;,¥ €R,

then |:Xl X, X3}>{X1 X, X3}>{X1 X, Xs}
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where z;, 75, z3 is any permutation of yj, ya, ys.

that is the scalar product is maximal if the two sequences are sorted in the same way and is

minimal if sorted oppositely.
Proof 5

The Nesbitt’s inequality can be proved by assuming without lost of generality:
as<b<c ,wehave b+c=>c+a=a+b
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By Rearrangement inequality,
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Normalization

Since the left hand side of the Nesbitt’s inequality is cyclic in a, b, ¢, we can employ the

method of normalization, that is, we assume that a+b+c=1.
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Proof 6

Since a +b + ¢ =1, we observe that
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To get back the Nesbitt’s inequalities, observe that + + =1,
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so we replace in (3), aby _* ,bby ——— and c by ¢ .
a+b+c a+b+c a+b+c
Note
. . 3 a b c
If a,b,care sides of a triangle we also have: —< + + <2
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The right hand side inequality can be proved by Triangular inequality: a-+b>c¢
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Exercise

Proof 7

8a
-1 8a—b—c
>bte _ ,where a,b,c>0.
b+c a3 4a+b+c))

b+c

2
(a) By considering [ a —%) , show that
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(b) Hence prove the Nesbitt’s inequality:
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